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Polarised Raman spectroscopy is a vibrational spectroscopic technique that is used widely for
the chemical and physical analyses of materials since it is both non-destructive and suitable for
remote analysis. In particularly over the last 40 years, the technique has been developed and
applied for the study of molecular orientation distributions in polymers. Compared to other
analytical techniques, polarised Raman spectroscopy has the following advantages, (1)
quantitative and precise measurement of molecular orientation distributions, and (2) study of
these distributions in both the crystalline and amorphous phases. Knowledge obtained from
the technique is of both academic and industrial interest to study relationships between
microstructure and macroscopic physical properties in polymers. In this paper, polarised
Raman spectroscopy is reviewed with regard to the study of molecular orientation distributions
in polymeric materials. The basis of polarised Raman scattering is first described, and this is
followed by the procedure for obtaining spectra. It is shown how Raman scattering intensities
for different polarised scattering geometries can be interpreted to give parameters and
functions representing quantitative measures of the degree of molecular orientation. Factors
affecting the evaluation of these parameters are also summarised. Finally, the usefulness of the
technique is demonstrated by practical applications including a study of molecular orientation
distributions in poly(ethylene terephthalate) (PET) fibres.
C© 2006 Springer Science + Business Media, Inc.

1. Introduction
Macroscopic properties of materials are closely related to
their microstructures. For semicrystalline polymers, the
ratio of crystalline and amorphous phases, and molecular
orientation in these phases are considered to be essential
factors to understand this relationship and to optimise
physical properties of the materials.

A number of techniques have been utilised for the study
of the microstructures of polymeric materials. The crys-
tallinity is regarded as a quantitative measure of the ratio
of the crystalline and amorphous phases in the material,
and obtained by relatively simple methods such as thermal
analyses, density measurements and X-ray diffraction. On
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the other hand, the molecular orientation in the materials
has also been studied widely, although the majority of
the studies have produced only qualitative information on
molecular orientation.

Molecular orientation distribution functions, which
show the distributions of molecules oriented with respect
to a certain direction of the material, are considered as
quantitative measures of molecular orientation in a mate-
rial. These functions can be obtained by several techniques
such as wide-angle X-ray diffraction (WAXD) [1–4], bire-
fringence measurements [5–8], nuclear magnetic reso-
nance (NMR) [9–12], and vibrational spectroscopic tech-
niques. Each technique, however, has its advantages and
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disadvantages. Birefringence measurements are simple
and reasonable but give information [13, 14] only about
the distributions averaged over the sample, while NMR is
costly because it requires instruments with a high sensi-
tivity for the purpose of the study. Molecular orientation
distributions in the crystalline phases only are obtained
[15–17] by WAXD, although this is only the technique
allowing the precise distributions to be obtained, since all
coefficients in the orientation distribution functions can be
determined.

Focusing on the spectroscopic techniques, fluorescence
spectroscopy [9, 18–20] provides information about the
molecular orientation distributions in phases only where
fluorescent probes can migrate. Infrared (IR) dichroism
measurements [8, 21–23] are capable of evaluating the
molecular orientation distributions in both the crystalline
and amorphous phases. However, the distributions ob-
tained by IR spectroscopy may lack accuracy since only
one coefficient for the distribution functions can be de-
termined [5–7]. Furthermore, the sample is required to be
highly transparent and thin for the absorbance measure-
ments. It is, therefore, normally necessary to combine
these techniques to obtain information about the molec-
ular orientation distributions in the crystalline and amor-
phous phases of the material.

Polarised Raman spectroscopy is a powerful tool to
obtain information about molecular orientation distribu-
tions [7, 8, 24]. Similar to IR dichroism measurements, it
is possible for this technique to analyse the distributions
in both the crystalline and amorphous phases of the
material simultaneously. Compared to IR spectroscopy,
higher order coefficients for the distribution functions
can be determined by means of polarised Raman
spectroscopy. Therefore, a more detailed study about the
molecular orientation distribution can be performed using
polarised Raman spectroscopy. Since this technique is
compatible with optical microscopy, polarised Raman
spectroscopy is suitable for the study of molecular
orientation distributions in the material at the micron size
scale or in a micron region in the material. Furthermore,
this technique has considerable potential for on-line
monitoring of the quality of materials in production
lines owing to its non-destructive nature and fast data
acquisition.

First observed by Raman et al. in 1928 [25], Raman
scattering can be described as the inelastic energy scat-
tering of incident light, which has interacted with the
polarisability of chemical bonds in a molecule. Due to
a weak intensity of the scattering, Raman spectroscopy
used to be regarded as a compensatory chemical analysis
for Infrared (IR) spectroscopy in its early days. In lat-
ter decades, however, the technique has successfully ex-
tended its application fields, owing to the introduction of
powerful monochromatic laser beams and charge-coupled
device (CCD) detectors.

This paper will review the basis of Raman scattering,
and its specific application for the study of molecular
orientation distributions in polymers.

2. Theory of Raman scattering
2.1. Classical theory
Raman scattering is considered to be the inelastic energy
scattering of light interacting with molecules [26, 27].
When incident light encounters a molecule, the electric
field of the light induces a dipole moment in the molecule
due to its polarisability. The amount of the induced dipole
moment (µ) is given by,

µ = αE (1)

where α is the molecular polarisability and E is the electric
field of the incident light. Oscillation of the electric field,
E, can be described as,

E = Eo cos(2πνot) (2)

where Eo is the amplitude of the oscillation, νo is the
frequency of the incident light, and t is time.

Due to the oscillation of the electric field, the induced
dipole moment of the molecule also oscillates. On the
other hand, an oscillating dipole moment can absorb or
emit energy by transitions between different oscillation
energy levels [28]. This energy absorption process is used
in IR spectroscopy, which monitors the energy transfer
from photons of the incident light to molecules. Through
this process the molecules are excited to their higher en-
ergy levels. Subsequently, the excited molecules go back
to their lower energy levels by the emission of scattered
light. This energy transition is usually energetically elas-
tic, where the energy of the scattered photons has the
same energy as those of the incident light, and is called
Rayleigh scattering.

When the energy of the incident light is similar to the
energy difference between different rotational or vibra-
tional energy levels of molecules, however, the scatter-
ing process may involve energy transition of the excited
molecules to a different energy level from their initial en-
ergy level. The scattering associated with this inelastic
energy transition is called Raman scattering. Hereafter,
Raman scattering is described in terms of the energy tran-
sition of molecules between their different vibrational en-
ergy levels, although the same theory is applicable to
rotational energy transitions.

If a molecule is vibrating with a certain frequency, the
displacement of the k-th atom in the molecule from its
equilibrium position can be written by,

qk = qo
k cos(2πνmt) (3)
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where qo
k is the amplitude of the displacement, and the

term νm is the frequency of the vibration. The polaris-
ability α of the molecule can be expanded in the form of
Taylor series and expressed by,

α = αo +
∑

k

(
∂α

∂qk

)

qk=0

qk

+1

2

∑

i, j

(
∂2α

∂qi∂q j

)

qi =q j =0

qi q j + · · · (4)

The displacement qk concerning the molecular vibra-
tion is considered to be very small, and the high order
terms (from the 3rd term in the right-hand side of the
equation and above) can be neglected. The combination
of Equations 1, 2 and 4 gives,

µ = αo Eo cos(2πνot)

+
∑

k

(
∂α

∂qk

)

qk=0

qk Eo cos(2πνot) cos(2πνmt)

= αo Eo cos(2πνot)

+1

2

∑

k

(
∂α

∂qk

)

qk=0

qk Eo{cos[2π(νo − νm)t]

+ cos[2π(νo + νm)t]} (5)

In Equation 5, the first and second terms are related
to the Rayleigh scattering and Raman scattering, respec-
tively. In the second term, the part containing (νo – νm) is
related to the Raman scattering for which the vibrational
energy of the molecule moves to a higher energy level
than its initial energy level (Stokes Raman scattering).
In contrast, the scattering with the vibrational energy
transition of the molecule from its initial energy level to
a lower energy level (anti-Stokes Raman scattering) is
related to the part with (νo + νm).

From Equation 5, the condition for a vibrational mode
to be Raman active is shown by,

(
∂α

∂qk

)

qk=0

�= 0 (6)

which indicates that the molecular polarisability of the vi-
brational mode should be neither maximum nor minimum
when the atoms are at their equilibrium positions (qk =
0).

2.2. Quantum mechanical approach
Although the classical theory of Raman scattering can
be understood simply as shown in the previous section,
some phenomena cannot be explained by the classical
approach. For instance, the Stokes Raman scattering in-

tensity observed is usually higher than the corresponding
anti-Stokes Raman scattering intensity. This observation
would seem to be contradicting the rule in electromag-
netic theory that the intensity of the light is proportional
to the fourth power of its wavenumber (i.e., to the recipro-
cal fourth power of its wavelength) [29]. Such behaviour
can be dealt with using a quantum mechanical approach.

In quantum mechanics, molecules can take [26, 27]
discrete vibrational energy levels as shown in Fig. 1. The
vibrational energy level (εv) for a harmonic oscillation
can be described as a solution of Schrödinger equation
by,

εv =
(

v + 1

2

)
νm (7)

where v is a vibrational quantum number. Energy transi-
tions of �ν = 1, 2 . . . are allowed during Raman scat-
tering. With respect to the probability of the transition,
the transition with �ν = 1 has a much higher probability
compared to other transitions, since the energy change as
the result of the �ν = 1 transition is small.

In addition, molecules are likely to take the vibrational
energy εv of their ground state (v = 0) in their initial state
unless the temperature is very high. The population of
the molecules with a vibrational energy εv is considered
to follow the Maxwell-Boltzman distribution law. The
Stokes and anti-Stokes Raman scattering intensities are
correlated with the number of molecules making these
transitions by,

IStokes

Ianti−Stokes
=

(
νo − νm

νo + νm

)4 Nv

Nv′

=
(

νo − νm

νo + νm

)4

exp

(
εv − εv′

kT

)
(8)

where εv and εv′ are the energy levels of the molecule
before and after transition, respectively, and k and T
are the Boltzman constant and temperature, respectively.
At ambient temperature, therefore, the vibrational en-
ergy transition from v = 0 to v = 1 would be expected
to occur with a high probability during Raman scatter-
ing, which explains the observation that the Stokes Ra-
man scattering intensity is higher than the anti-Stokes
Raman scattering intensity.

2.3. Applications of Raman spectroscopy
Similar to IR spectroscopy, Raman spectroscopy is a pow-
erful tool for the analysis of chemical bonds in organic
and inorganic materials [26, 30]. Since the vibrational
energy (νm) is unique to the type of chemical bond in a
molecule, it is useful for the analysis of molecular struc-
ture. The selection rules for Raman scattering activity
also give several advantages over IR spectroscopy. Spec-
troscopic information can be obtained from the vibration
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Figure 1 A schematic diagram for energy transitions during Rayleigh scattering, Stokes Raman scattering and anti-Stokes Raman scattering [26, 27].

of chemical bonds with small αo values but with large
( ∂α
∂qk

)qk=0 values such as stretching of a C–C bond. In con-
trast to IR spectroscopy, Raman spectra are much less
affected by the presence of water in the samples, since
an H2O molecule has a large αo value but small ( ∂α

∂qk
)qk=0

values. Another advantage of Raman spectroscopy is that
the Raman scattering intensity is related linearly to the
number of chemical bonds in a sample, while the IR
absorbance is related exponentially in accordance with
Lambert-Beer’s law. This leads to quantitative analyses
by Raman spectroscopy being more straightforward than
by IR spectroscopy.

Raman spectroscopy is also useful for the physical anal-
ysis of materials, since the value ( ∂α

∂qk
)qk=0 is sensitive to

environments where the chemical bonds are located. In-
formation that can be obtained by the technique includes
molecular conformations and configurations, and mor-
phologies such as the ordered and disordered phases in
the materials. Furthermore, it is possible to collect Raman
spectra from a micron-sized region of a sample when the
technique is combined with optical microscopy. This en-
ables Raman spectroscopy to analyse samples of the order
of microns in size and the microstructure of a sample with
micron-order resolution.

3. Applications of Raman scattering
for the study of molecular orientation
distributions in polymers

As described in the following sections, the differen-
tial polarisability of the molecular bond, ( ∂α

∂qk
)qk=0, is

represented in the form of a second rank tensor, the
so-called Raman tensor. Owing to the symmetry of
the tensor, the Raman tensor is often illustrated as an

Figure 2 An ellipsoid for the representation of a Raman tensor.

ellipsoid shown in Fig. 2, where the shorter the axis of the
ellipsoid, the larger the differential polarisability. Raman
scattering is the interaction between the electric vector of
incident light and the ellipsoid, and includes directional
information about the ellipsoid. Furthermore, the shape
of the ellipsoid and the orientation of the ellipsoids
within the specimen can be determined precisely by the
measurement of the angular distribution of the Raman
scattering intensity by means of a monochromatic
plane-polarised beam and an analyser. This enables the
study of molecular orientation distributions in both the
crystalline and non-crystalline phases of polymers.

3.1. Methodological development
(chronology)

The concept of the Raman tensor for Raman spectroscopy
was established first of all by Ovander [31] in 1960.
His concept was based on molecular symmetry, and it
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was further correlated with crystal structures by Loudon
[32, 33] in 1964. To explain the three-dimensional
distributions of the Raman tensor within a sample, Roe
[9, 34] introduced spherical harmonics in 1965. On the
other hand, in 1966 Porto [35] measured the polarisation
direction dependence of the Raman scattering, termed as
the depolarisation ratio, and related it with the Raman
tensor. Scherer et al. [36] later in 1971 also measured
the depolarisation ratio using a polarisation analyser.
Although the change in Raman intensity using incident
beam polarisation had already been observed by Raman
et al. [37] in 1928, most of the theoretical understanding
of the phenomenon was not achieved until the late 1960s.

The application of polarised Raman spectroscopy for
the study of molecular orientation made great progress in
the early 1970s. In 1971, Snyder [38] expressed success-
fully the correlation between the Raman tensor, molecu-
lar orientation and the observed intensity with the aid of
the translation from molecular symmetry axes to sample
symmetry axes. Bower [24] introduced in 1972 the idea
of molecular orientation distribution coefficients, which
are the coefficients that can be used to describe the ori-
entation preference in materials, by means of polarised
Raman spectroscopy. The coefficients can be associated
with those obtained by the other techniques for the de-
termination of molecular orientation distributions such as
fluorescence spectroscopy and X-ray diffraction. He also
provided a detailed explanation [39] about the relationship
between the Raman tensor and the molecular orientation
distribution coefficients in terms of molecular symmetry.
The possible range of the molecular orientation distribu-
tion coefficients was also considered by Bower [40] in
1981, which agreed with the concept of Kawai and co-
workers [2, 41] for X-ray and birefringence studies.

Orientation distribution coefficients are useful to ex-
press the degree of orientation in the sample. However,
these coefficients can be correlated with the orientation
direction averaged over the molecules of interest, and it
is often meaningful to know the actual angular distribu-
tions of molecular orientation direction in terms of the
molecular orientation distribution functions. In 1981, us-
ing numerical calculations based on the information en-
tropy theory [42–44], Bower and co-workers [40, 45, 46]
developed a method to depict the distribution as the so-
called most probable distribution curve for a given set of
orientation distribution coefficients.

These theoretical developments to obtain the molecular
orientation distribution function were applied basically
for the system in which the molecular symmetry axis is
parallel to the chain backbone axis. However, some mate-
rials, poly(vinyl alcohol) and syndiotactic polypropylene
for instance, possess their symmetry axes perpendicular
to their chain axes. For such systems, a molecular orienta-
tion study can be undertaken by applying the geometrical
calculations developed by Schlotter et al. [47] in 1984.

For the evaluation of the molecular orientation distribu-
tion coefficients, the most recent progress was reported by
Nikolaeva and co-workers [48–50] in 1997. It is of great
importance to normalise the Raman scattering intensity
for different scattering geometries in order to determine
the orientation coefficients, although the measurement can
be influenced by the nature of the sample such as its bire-
fringence. By comparing the intensity ratio of different
Raman bands, their method could avoid the normalisa-
tion process, thus enabling the value of the orientation
distribution function to be obtained in a simpler way.

3.2. Polarisation of Raman scattering
Light is an electromagnetic wave consisting of the vibra-
tion of an electric field and a magnetic field perpendicular
to each other. In general, the light from a radiation source
involves waves with no preferential direction of the elec-
tric field vector. When it encounters a substance, the light
interferes with the atoms and induces a dipole moment
in the material. The degree of the interference (induced
dipole moment) depends on the angle between the elec-
tric vector of the incident light and the magnitude of the
polarisability (Equation 1), and thus the differential po-
larisability. Thus, it may contain directional information
about the orientation of the differential polarisability.

When light without a specified electric vector is used,
however, it is difficult to obtain such information since its
interference with molecules in the material can occur in
any direction. On the other hand, the information can be
obtained if polarised light with a specific electric vector
is employed as the incident beam. In polarised Raman
spectroscopy, the polarised Raman scattering is observed
as a result of the interference of the polarised light with
the molecules vibrating in the condition given by Equa-
tion 6. Furthermore, by means of an analyser, which is
another polariser before the detector, the precise direc-
tional information about the differential polarisability of
the molecules can be obtained; hence the orientation of
the molecules can be determined.

Polarised Raman spectroscopy is also useful for vi-
brational mode assignments. Each vibrational mode pos-
sesses an individual differential polarisability ellipsoid,
which determines the mode of the vibration. Depending
on the shape of the ellipsoid, the Raman scattering inten-
sity changes with the polarisation of the incident beam.

3.3. Depolarisation ratio
The measurement of the depolarisation ratio is of great
importance to determine the shape of a differential polar-
isability ellipsoid and the orientation of the ellipsoid. The
depolarisation ratio (ρ) is measured experimentally by,

ρ = I⊥
I‖

(9)
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where, I⊥ and I|| represent the Raman scattering intensities
when the polarisation direction of analyser is normal and
parallel to that of the incident beam, respectively, as shown
in Fig. 3. The value of the depolarisation ratio can further
provide the information about chain conformations [51 ,
52] as well as the secondary structures such as molecular
orientation.

3.4. Polarisability tensor and Raman tensor
In a mathematical form, the polarisability is described in
general as a symmetric second-rank tensor, the so-called
polarisability tensor. The tensor is proportional to the
dipole moment of a molecule induced by the electric field
of the incident beam. If the polarisability tensor of the
molecule is spherically symmetric, the molecular polaris-
ability (α) is written by the following equation, which is
similar to Equation 1 but takes into account that both the
electric field and the induced dipole moment are vectors,

�µ = α �E (10)

where, �µ and �E represent the dipole moment of the
molecule and the electric vector of the incident light in
three-dimensional space, respectively. In general, how-
ever, the polarisability is not spherically symmetric;
hence,

�µ = [α] �E (11)

where[α] signifies a tensor expression of the polarisabil-
ity (the polarisability tensor). Since a Raman tensor is
given as the differential of the polarisability tensor, the
Raman tensor is also considered to be a second-rank ten-
sor, and may be given as [α′]. If the principal axes of the
Raman tensor are defined as x-, y- and z-axes, the tensor

is described as,

[
α′] =




α′

xx α′
xy α′

xz

α′
yx α′

yy α′
yz

α′
zx α′

zy α′
zz



 (12)

The form of the Raman tensor is unique to the sym-
metry of the molecular vibration. As shown in Table I, a
spherical Raman tensor has only two parameters, whereas
six parameters are required to describe a general Raman
tensor with no specific symmetry [38]. The forms of the
Raman tensors described above refer to an individual
vibration in the molecule. On the other hand, if the
molecular structure has specific symmetry [31, 39], and
if the molecules are packed in a crystal lattice with three-
dimensional symmetry [32, 38], the Raman tensor for the
vibrational mode may be written in a higher symmetrical
form. In some cases [53], intra- and inter-molecular
interactions might also influence the form of the tensor.

Furthermore, these symmetrical molecules and crystal-
lites are distributed three-dimensionally in the material.
Since the principal axes of the Raman tensor do not neces-
sarily coincide with those of the molecular chain and nor
of the specimen, other coordinate systems, x′-y′-z′ and X-
Y-Z, need to be introduced for the molecular chain coordi-
nate system and specimen coordinate system, respectively.
These coordinate systems are defined in Fig. 4, using the
right-handed axes according to Bower [24]. Indeed, actual
measurements for the study of molecular orientation dis-
tributions are carried out based on this specimen coordi-
nate system. Directional information of the Raman tensor
is usually obtained in terms of these specimen axes, un-
less a single crystal with perfect orientation is examined
[54]. It is, therefore, difficult to obtain an absolute form of
the Raman tensor for polymers. In general, however, the
evaluation of molecular orientation does not need abso-
lute solutions for the tensor components but only requires
the ratios of the diagonal components of the tensor. Fur-
thermore, in the case that the tensor component α′

zz is

Figure 3 Scattering intensity collection of polarised Raman spectroscopy in the right angle scattering geometry. The arrows indicate the polarisation
directions of incident and scattered lights. Polarisations of the scattering light through the analyser are in the directions (a) parallel and (b) perpendicular to
that of the incident beam.
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T AB L E I Forms of Raman tensors in respect of the shape of the differential polarisability ellipsoid [38]

Shape of the ellipsoid Form of the Raman tensor

Spherical symmetry [
α′] =




a b b
b a b
b b a





Cylindrical symmetry [
α′] =




a b c
b a c
c c d





No specific symmetry [
α′] =




a b c
b d e
c e f





much larger than the other components α′
xx and α′

yy , the
Raman tensor can be approximated to have cylindrical
symmetry [55 ].

3.5. Polarised and depolarised modes
of the Raman tensor

The Raman tensor generally consists of six parameters,
and it is not easy to determine all of these parameters.
However, by measuring the depolarisation ratio of an
isotropic sample, ρ iso, additional information about the
form of the Raman tensor can be obtained.

The ρ iso value can be written [36, 51] as,

ρiso = 3γ̄ ′2

45ᾱ′2 + 4γ̄ ′2 (13)

where the values α′ and γ ′2 are the isotropic and
anisotropic part of the Raman tensor. They are given in
terms of the tensor component by,

ᾱ′ = 1

3
(α′

xx + α′
yy + α′

zz) (14)

γ̄ ′2 = 1

2

{
(α′

xx − α′
yy)2 + (α′

yy − α′
zz)

2

+ (α′
zz − α′

xx )2 + 6
(
α′2

xy + α′2
yz + α′2

zx

)}

(15)

in which the ᾱ′ value consists only of the diagonal compo-
nents of the tensor, while the off-diagonal components are
also included in the value γ̄ ′2. In other words, the former
indicates the magnitude of the differential polarisability

Figure 4 Definitions of the axes for (a) a Raman tensor, (b) a molecular chain and (c) a specimen.
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of the molecule, and the latter represents the degree of the
departure from its isotropic behaviour [26 ].

Referring to Equation 13, the depolarisation ratio (ρ iso)
for a Raman band obtained from an isotropic sample
should take a value in the range between 0 and 0.75.
Meanwhile, the form of a Raman tensor can be classified
into two categories depending on the ρ iso value. The first
category gives ρ iso = 0.75 in the case that the sum of
the diagonal components of the tensor are zero, and the
corresponding vibrational mode is called a depolarised
mode. In the second category where 0 < ρ iso < 0.75, the
Raman tensor contains one or more non-zero diagonal
components, and it is termed a polarised mode. This
classification is also useful for the band assignment of
Raman scattering spectra.

3.6. Scattering geometry
The coordinate systems shown in Fig. 4 are correlated
[38] further with each other by applying Euler angles (φ,
θ ,ψ) as represented in Fig. 5, where φ, θ and ψ are the
azimuthal, polar and rotational angles, respectively. If the
Raman tensor or the specimen shows uniaxial symmetry,
the z-axis or the Z-axis is usually chosen as the sym-
metrical axis of the Raman tensor or of the specimen,
respectively.

In Raman scattering measurements, a variety of optical
geometries [26, 28, 29] can be chosen for the direction
of incident beam irradiation onto a sample and that of the
collection of the Raman scattering. The right angle scatter-
ing (RAS) geometry or the back scattering (BS) geometry
is usually employed in consideration of the geometrical
angular dependence [35] of the scattering intensity. So
as to describe the optical geometry of the polarised Ra-
man scattering, Porto’s notation [56], A(BC)D, is often
used, where A and D describe the propagation directions
of the incident beam and of the direction toward the de-

Figure 5 Definition of Euler angles (φ, θ , ψ) correlating the Raman tensor
axes (x-y-z) and the specimen axes (X-Y-Z) [38].

tector, and B and C are the polarisation directions of the
incident beam and of the analyser, respectively. For the
present study, the laboratory coordinate system (XL-YL-
ZL) is defined in Fig. 6. The scattering geometry shown in
the figure corresponds to the notation XL(ZLYL)XL, where
an incident beam polarised in the ZL-axis direction is ir-
radiated along the XL-axis to the sample, and the YL-axis
component of the Raman scattering is collected through
the analyser in the BS geometry. The same A- and D-axes
should be chosen for the BS geometry, while a differ-
ent pair of the A- and D-axes are employed for the RAS
geometry.

3.7. Raman scattering intensity
The degree of interaction between the incident radiation
and a molecule is dependent on the angle between the
electric vector of the radiation and the shape of the po-
larisability tensor. The intensity of the Raman scattering
changes similarly depending on the optical geometry, and
the mathematical correlations between these parameters
are given in this section.

As described in Section 2, an oscillating electric field
of incident light induces a dipole moment in a molecule.
Because of the induced dipole moment, an electric field
will be induced and scattered from the molecule. Using
the Maxwell equation, the scattered electric field,

−→
Esc(t),

at a distance r from the molecule is given [57, 58] by,

−→
Esc(t) = 4π2

(
ν2

sc
−→µ (t)

r

)
sin � (16)

where νsc is the frequency of the scattered radiation, �

is the angle between the dipole axis and the scattering
direction. The term −→µ (t) is the induced dipole moment
as defined in Equation 10, and is time dependent since the
electric field vector,

−→
Ein(t), of the incident light changes

with time. They are related as in Equation 10 by,

−→µ (t) = α
−→
Ein(t) (10′)

The scattering intensity from the induced dipole mo-
ment, Isc, is given by the following equation [26],

Isc =
∣∣∣−→Esc

∣∣∣
2

r2 = 24π4
∣∣α2

∣∣ ν4
sc

∣∣∣−→Ein

∣∣∣
2

sin2 �

(17)

Here, it is worth noticing that the scattering will be ob-
served except in the direction of the dipole axis, i.e. � =
0◦.

By recalling the molecular polarisability (α) in Equa-
tion 4 and the dipole moment in Equation 5, the Rayleigh
scattering component of Isc should be proportional to the
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Figure 6 An example of the collection of the polarised Raman scattering for the back scattering geometry XL(ZLYL)XL.

value of |α|2. On the other hand, the Stokes and anti-
Stokes Raman scattering intensities should be propor-
tional to the value of | ∂α

∂qk
|2, in other words|α′|2.

Using the Raman tensor (α′), the Isc for Stokes Ra-
man scattering (Isc−Stokes) over a solid angle of 4π can be
written by [29],

Isc−Stokes = 27π5

32c4
Iin (vo − vm)4

∑

ij

∣∣α′
ij

∣∣2
(18)

where c is the speed of light, Iin is the intensity of the
incident light, α′

ij is the (i, j)-th component of the Raman
tensor, and i, j are directions of the scattered and incident
light, respectively. Based on the theory of electromagnetic
waves [28 ],

Iin = c

8π

∣∣−→Ein

∣∣2
(19)

Therefore, Equation 18 becomes,

Isc−Stokes = 24π4

32c3

∣∣−→Ein

∣∣2
(vo − vm)4

∑

ij

∣∣α′
ij

∣∣2
(20)

3.8. Intensity of polarised Raman scattering
The Stokes Raman scattering intensity (Isc−Stokes) in Equa-
tion 20 is the summation over a solid angle of 4π .
When an analyser is used to detect the Raman scatter-
ing with a specific electric vector only, the Raman in-
tensity can further provide information on the Raman
tensor of the molecule and its distribution within the
specimen. A theory to explain this phenomenon was in-
troduced by Bower [24] in combination with the pre-
vious studies on the Raman scattering intensity [32,
38] and molecular orientation in the material [9, 34].
Most of the studies on polarised Raman spectroscopy
have based their theoretical expressions for the polarised

Raman intensity on a study [24] by Bower and a review
[8] by Ward.

Equation 20 can be simplified for a Raman scattering
intensity per solid angle, Is, and given by the following
equation in consideration of the polarisation directions of
the incident and scattered light,

Is = Io

∣∣∣−→lg′ α′−→lg

∣∣∣
2

(21)

where Io summarises constants in Equation 20 if infor-
mation about the incident light and molecular vibration
is provided. The terms g and g′ signify the polarised
direction of the incident beam and that of an analyser,
respectively,

−→
lg and

−→
lg′ are the direction cosines of the

incident and of the scattered beam along the g and g′
directions, respectively.

The intensity Is in Equation 21 is for a single molecule,
and for the molecules over the whole irradiation volume
in the sample are given as their summation by,

IS = Io

∑ ∣∣∣−→lg′ α′−→lg

∣∣∣
2

(22)

In respect of the term Is in Equation 17, Bower [24] also
introduced an alternative form, given by the following
equation to correlate scattered intensities collected from
different optical geometries:

IS = Io

∑
α′

g′gα
′
p′ p (23)

where the subscript (g′ g p′ p) is restricted to a form
of either (i i j j) or (i j i j) owing to the symmetry of
Raman tensors. For instance, if the analyser measures the
intensity of the Y-axis component of the Raman scattering
from the sample irradiated by an incident beam polarised
in the Z-axis, the term Is is expressed by,

IS = Io

∑
α′

Y Zα′
Y Z =Io

∑
α′2

Y Z (23′)
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When Equation 22 is considered for a single crystal with
perfect molecular orientation [32 ], where the x-y-z Raman
tensor axes are identical to the X-Y-Z specimen axes, the
scattering intensity IS can be written using a matrix [54]
for the optical geometry used in Equation 23′ as,

IS = Io

∑



∑

Y Z

(
0 1 0

)



α′

xx α′
xy α′

xz

α′
yx α′

yy α′
yz

α′
zx α′

zy α′
zz








0

0

1









2

= Io

∑
α′2

yz (22′)

In fact, the axes (x-y-z) for the Raman tensor are usu-
ally not coincident with the axes (X-Y-Z) for the sam-
ple for polycrystalline materials, or semicrystalline and
amorphous materials. Furthermore, the principal axes of
Raman tensor may not be consistent with the molecu-
lar axes (x′-y′-z′) defined in Fig. 4b. For these systems
the Raman scattering intensity can be correlated with the
Raman tensor by the orientation distribution functions,
provided that the tensor is independent of sample mor-
phology. Some studies reported that the Raman tensors
of some bands could be influenced by factors such as
the semicrystalline nature of the sample [59] or by de-
formation [60]. However, most of the studies have been
performed successfully by assuming an invariant Raman
tensor.

3.9. Orientation distribution function: N (φ, θ ,
ψ)

3.9.1. Expansion coefficients: ν lmn
According to Bower [24], the orientation distribution
function, N(φ, θ , ψ), is introduced to describe molecular
orientation distributions, where N(φ, θ , ψ)sinθdθdψdϕ

represents the fraction of scattering units having orien-
tation within a generalised solid angle sinθdθdψdφ by
using Euler angles in Fig. 5. The function N(φ, θ , ψ) can
be written [34, 61, 62] by the following equation as a
function of cos θ :

N (φ, ξ, ψ) =
∞∑

l=0

l∑

m=−l

l∑

n=−l

νlmn Zlmn(ξ )e−imψe−inφ

=
∑

lmn

νlmn Zlmn(ξ )e−imψe−inφ (24)

where ξ = cosθ , the terms ν lmn and Zlmn(ξ ) are the ex-
pansion coefficients and the generalised Legendre poly-
nomials of the lmn orders, respectively. The expansion
coefficients (ν lmn) can be derived from Equation 24 as,

νlmn = 1

4π2

∫ 2π

0

∫ 2π

0

∫ 1

−1
N (φ, ξ, ψ)Zlmn

×(ξ )eimψeinφdξdψdφ (25)

On the other hand, the polarised Raman intensity can
be described in a similar way by,

∑
α′

g′gα
′
p′ p

= No

∫ 2π

0

∫ 2π

0

∫ 1

−1
N (φ, ξ, ψ)α′

g′gα
′
p′ pdξdψdφ

(26)

where the term α′
g′gα

′
p′ p is a tensor expression of the in-

teraction between polarised light and the differential po-
larisability of a scattering unit, and No is the number of
scattering units in the sample. The term inside the integral
in Equation 26 can be replaced by the expansion coeffi-
cients (ν lmn) and coefficients (Ag′gp′p

lmn ) related to Raman
tensor components as,

∑
α′

g′gα
′
p′ p = No

∑

lmn

νlmn Ag′gp′ p
lmn (27)

As mentioned in the previous section, the Raman ten-
sor axes (x-y-z) are not necessarily coincident with the
molecular axes (x′-y′-z′). Therefore, the expansion coef-
ficients (ν lmn) can be explained in terms of these axes
by introducing two sets of expansion coefficients (Mlmn,
Dlmn) as,

∑
α′

g′gα
′
p′ p = 16π4 No

∑

lmnζ

√
2

2l + 1
Mlmζ Dlζn Ag′gp′ p

lmn

(28)

where Mlmζ and Dlζn represent expansion coefficients of
the molecular axes (x′-y′-z′) to the specimen axes (X-Y-Z),
and of the Raman tensor axes (x-y-z) to the molecular
chain axes (x′-y′-z′), respectively. These three expansion
coefficients (ν lmn, Mlmζ , Dlζn) are correlated by,

νlmn = 4π2

√
2

2l + 1

l∑

ζ=−l

Mlmζ Dlζn (29)

In practice, however, most of the previous studies as-
sume that the Raman tensor axes (x-y-z) are coincident
with the molecular axes (x′-y′-z′) to reduce the number
of parameters for the determination of the distribution
coefficients (ν lmn). Under this assumption,

Dlζn = 1

8π2

√
2l + 1

2
(30)
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T AB L E I I Values of Ag′gp′ p
lmn for a Raman tensor with cylindrical symmetry in a specimen with uniaxial or biaxial symmetry [24 ]

α′
g′gα′

p′p A000 A200 A400 A220 A420 A440

α′2
X X A 4B 6C −2

√
6B −2

√
10C

√
70C

α′2
Y Y A 4B 6C 2

√
6B 2

√
10C

√
70C

α′2
Z Z A -8B 16C 0 0 0

α′2
XY D 4E 2C 0 0 −√

70C
α′2

Y Z D −2E −8C
√

6E −2
√

10C 0
α′2

Z X D −2E −8C −√
6E 2

√
10C 0

α′
X X α′

Y Y A-2D 4B-8E 2C 0 0 −√
70C

α′
Y Y α′

Z Z A-2D −2B+4E −8C
√

6(B - 2E) −2
√

10C 0
α′

Z Z α′
X X A-2D −2B+4E −8C

√
6(2E - B) 2

√
10C 0

A =
√

2
15

[
3

(
α′2

xx + α′2
yy + α′2

zz

)
+ 2

(
α′

xxα
′
yy + α′

yyα
′
zz + α′

zzα
′
xx

)]
.

B = 1
210

√
5
2

[
3α′2

xx + 3α′2
yy − 6α′2

zz + 2α′
xxα

′
yy − α′

yyα
′
zz − α′

zzα
′
xx

]
.

C = 1
840

√
2

[
3α′2

xx + 3α′2
yy + 8α′2

zz + 2α′
xxα

′
yy − α′

yyα
′
zz − α′

zzα
′
xx

]
.

D =
√

2
15

[
α′2

xx + α′2
yy + α′2

zz − (
α′

xxα
′
yy + α′

yyα
′
zz + α′

zzα
′
xx

)]
.

E = 1
210

√
5
2

[
α′2

xx + α′2
yy − 2α′2

zz − 4α′
xxα

′
yy + 2α′

yyα
′
zz + 2α′

zzα
′
xx

]
.

for ζ = ±n, and the values Dlζn will be zero otherwise.
Equation 28 can be simplified as,

∑
α′

g′gα
′
p′ p = 4π2 No

∑

lmn

Mlmn Ag′gp′ p
lmn (31)

which is similar to Equation 27.
Here, the left-hand side of Equation 27 can be evaluated

experimentally by the measurement of IS (Equation 23),
while the values Ag′gp′p

lmn in the right-hand side can be cal-
culated from the Raman tensor components for the orders
of lmn according to Bower [24]. Although the value of
Ag′gp′p

lmn should be derived for each Mlmn value according
to Equations 27 and 29, they can be simplified [24] if the
Raman tensor has specific symmetry. The Ag′gp′p

lmn values
corresponding to the non-vanished Mlmn terms are listed
in Table II with respect to the intensity

∑
α′

g′gα′
p′p for a

Raman tensor with cylindrical symmetry in a specimen
with uniaxial or biaxial symmetry. Therefore, it is possi-
ble to determine the expansion coefficients (ν lmn) for the
Raman tensor with respect to the specimen axes.

Furthermore, the symmetry of the specimen can also
reduce the number of equations required to determine the
values ν lmn [55, 63]. By combining the polarisation di-
rection of the incident beam and that of the analyser, six
independent Raman scattering intensities are measurable
for a sample with biaxial symmetry, whereas the four in-
tensities are independent for one with uniaxial symmetry.
In an extreme case, only two different intensities can be
obtained for a sample with spherical symmetry as sum-
marised in Table III.

T AB L E I I I Number of independent Raman scattering intensities with
respect to the specimen symmetry [55, 63]

Specimen
symmetry Number of independent intensities

Spherical
(isotropic)

2 XX=YY=ZZ∗
XY=YZ=ZX=XZ=ZY=YX

Uniaxial 4 XX=YY XY=YX
ZZ YZ=ZX=XZ=ZY

Biaxial 6 XX XY=YX
YY YZ=ZY
ZZ ZX=XZ

General (no
symmetry)

9 All independent

(∗) Polarisation direction of incident and scattered beams

4. Molecular orientation distribution
coefficients: Plmn

In the previous section, it was shown that information
about the molecular orientation distributions in the sam-
ple can be provided in terms of the expansion coefficients
(ν lmn). Although Equation 27 shows simple correlations
between Raman tensor components and the polarised Ra-
man scattering intensities for different polarisation ge-
ometries, these equations contain a number of the coef-
ficients (ν lmn) that need to be determined. However, the
process of obtaining the coefficients ν lmn can be simplified
[39] (a) by assuming that the Raman tensor axes (x-y-z)
are coincident with the molecular axes (x′-y′-z′), (b) if the
Raman tensor possesses certain symmetry, and (c) if the
specimen has axial orientation symmetry.

It is also of importance that the molecular orien-
tation distributions determined by polarised Raman
spectroscopy can be compared with those obtained
from other techniques such as X-ray diffraction and
birefringence measurements. In these techniques, the
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molecular orientation distributions are often described
in terms of the molecular orientation distribution
coefficients, Plmn, and molecular orientation dis-
tribution parameters,

〈
cosl θ

〉
, the details of which

are explained in the following section. Hereafter,
relationships between these coefficients and parameters
are considered for two types of symmetries in the sample,
in particular, uniaxial and biaxial orientations.

4.1. The Plmn values for a sample
with uniaxial orientation

According to references [8, 40, 48, 64], the simplest sys-
tem that can be considered is a Raman tensor with cylin-
drical symmetry and a specimen with uniaxial symmetry
around the draw axis. For a sample with uniaxial symme-
try, the Plmn values are non-zero only when m = n = 0
and l = even (0, 2, 4, . . .), and they are correlated with
the function N(θ) in Equation 24 by,

Pl00 =
∫ π

0 N (θ)Pl00(cos θ) sin θdθ
∫ π

0 N (θ) sin θdθ
(32)

where the fraction of polymer chains at an angle θ is
given as N(θ)dθ . The functions Pl00(cosθ) are Legendre
polynomial functions of cosθ , Pl00(cosθ) = 1/2, and the
functions for the orders of l = 2, 4 are:

P200(cos θ) = 3 cos2 θ − 1

2
(33)

P400(cos θ) = 35 cos4 θ − 30 cos2 θ + 3

8
(34)

As depicted in Fig. 7, the function N(θ) can be nor-
malised [8, 40] by,

2π

∫ π

0
N (θ) sin θdθ = 1 (35)

After the normalisation, the molecular orientation dis-
tribution function N(θ) is related [3, 8, 40, 48, 49] fur-
ther to the molecular orientation distribution coefficients
(Plmn) by,

N (θ) =
∞∑

l=0

(
2l + 1

2

)
Pl00 Pl00(cos θ) (36)

for a uniaxially-oriented specimen.
Under the assumption where the axes (x-y-z) of the Ra-

man tensor coincide with those (x′-y′-z′) of the molecular
chain, the molecular orientation distribution coefficients
(Pl00) are correlated with the expansion coefficients (Ml00)

Figure 7 Schematic representation for the determination of the molecular
orientation distribution coefficients.

determined from polarised Raman spectroscopy by,

Pl00 = 4π2

√
2

2l + 1
Ml00 (37)

which is a simplified form [65 , 66] of Equation 29.
On the other hand, the molecular orientation distribu-

tion parameters [3, 48, 67],
〈
cosl θ

〉
, are also regarded

as meaningful measures of molecular orientation distri-
butions. The angle θ represents the angle between the
principal z-axis of the Raman tensor and of the specimen
Z-axis, as defined in Fig. 7. The brackets ‘〈〉’ average the
angular distribution of the molecular chains with respect
to the angle θ over the sample. These values are deter-
mined by the following equation:

〈
cosl θ

〉 =
∫ π

0 N (θ) cosl θ sin θdθ
∫ π

0 N (θ) sin θdθ
(38)

which is similar to Equation 32. Relationships between
the coefficients Pl00 and the parameters 〈cosl θ〉 are given
further by,

P000 = 1 (39)

P200 = 1

2

[
3

〈
cos2 θ

〉 − 1
]

(40)

P400 = 1

8

[
35

〈
cos4 θ

〉 − 30
〈
cos2 θ

〉 + 3
]

(41)

for the orders of l = 0, 2, 4. It can be seen in Equation
40 that the coefficient P200 is identical to the Hermans’
orientation coefficient [68].
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4.2. The Plmn values for a sample
with uniaxial orientation

The forms of the molecular orientation distribution coef-
ficients (Plmn) are more complicated for a specimen with
biaxial orientation. For simplicity, it is assumed that the
axes (x-y-z) of the Raman tensor coordinate system are
consistent with those (x′-y′-z′) of the molecular coordi-
nate system. Relationships between the Plmn values and
the parameters 〈cosl θ〉 can be classified [7] into four cases
depending on the symmetry of molecular orientation dis-
tribution, provided that the Raman tensor has cylindrical
symmetry.

(i) Uniaxial orientation about the Z-axis and no pre-
ferred orientation about the z-axis: the structural units are
randomly distributed around the z-axis, and the z-axis is
also randomly distributed around the specimen Z-axis. In
other words, there is no restriction of the angle ψ and φ,
which is the same case as the expression for a sample with
uniaxial orientation given in the previous section.

(ii) Biaxial orientation but with no preferred orientation
about the z-axis: the angle ψ is random but not the angle
φ in this case. The Plmn values are non-zero only for n =
0, and are written by,

P220 = 1

4

〈(
1 − cos2 θ

)
cos 2φ

〉
(42)

P420 = 1

24

〈
(−1 + 8 cos2 θ − 7 cos4 θ ) cos 2φ

〉
(43)

P440 = 1

16

〈(
1 − 2 cos2 θ + cos4 θ

)
cos 4φ

〉
(44)

in addition to the Pl00 values determined for case (i).
(iii) General uniaxial statistical symmetry: the angle φ

is random but not ψ in this case. The non-zero values for
Plmn are only for m = 0, and the corresponding expressions
are:

P202 = 1

4

〈(
1 − cos2 θ

)
cos 2ψ

〉
(45)

P402 = 1

24

〈
(−1 + 8 cos2 θ − 7 cos4 θ ) cos 2ψ

〉
(46)

P404 = 1

16

〈(
1 − 2 cos2 θ + cos4 θ

)
cos 4ψ

〉
(47)

in addition to the Plmn values determined for cases (i) and
(ii).

(iv) General biaxial statistical symmetry: in the most
constrained biaxial symmetry neither the angle ψ nor φ

is random, which results in the whole Plmn values to be
non-zero and are written by,

P222 = 1

4

〈 (
1 + cos2 θ

)
cos 2φ cos 2ψ

− 2 cos θ sin 2φ sin 2ψ
〉

(48)

P422 = 1

4

〈 (
1 − 6 cos2 θ + 7 cos4 θ

)
cos 2φ cos 2ψ

+ (
5 cos θ − 7 cos3 θ

)
sin 2φ sin 2ψ

〉
(49)

P442 = 1

16

〈
(1 − cos4 θ ) cos 4φ cos 2ψ

−2(cos θ − cos3 θ ) sin 4φ sin 2ψ
〉

(50)

P424 = 1

16

〈
(1 − cos4 θ ) cos 2φ cos 4ψ

−2(cos θ − cos3 θ ) sin 2φ sin 4ψ
〉

(51)

P444 = 1

16

〈
(1 + 6 cos2 θ + cos4 θ) cos 4φ cos 4ψ

−4(cos θ + cos3 θ ) sin 4φ sin 4ψ
〉

(52)

in addition to the Plmn values determined for cases (i), (ii)
and (iii).

These molecular orientation distribution coefficients
Plmn are related [34] to the expansion coefficients ν lmn

obtained from polarised Raman spectroscopy by,

Plmn = 4π2

Nlmn
νlmn (53)

where,

N 2
lmn = N 2

lm̄n = N 2
lmn̄ = N 2

lm̄n̄ = 2l + 1

2

× (l + m)! (l − n)!

(l − m)! (l + n)!

1

[(m − n)!]2 (54)

for m > n, and,

N 2
lmn = N 2

lnm (55)

for m < n. Equation 54 is regarded as generalised expres-
sions of Equation 37.

On the other hand, an average of the angular distribution
between the axes (x-y-z) of the Raman tensor coordinate
system and those (X-Y-Z) of the specimen coordinate sys-
tem can be given [7] by the following equations in terms
of the molecular orientation distribution coefficients of
the second order (P2mn),

〈
cos2(∠x X )

〉 = 1

3
+ 1

6
P200 − P220 − P202 + P222

(56)

〈
cos2(∠xY )

〉 = 1

3
+ 1

6
P200 + P220 − P202 − P222

(57)

〈
cos2(∠x Z )

〉 = 1

3
− 1

3
P200 + 2P202 (58)
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〈
cos2(∠y X )

〉 = 1

3
+ 1

6
P200 − P220 + P202 − P222

(59)

〈
cos2(∠yY )

〉 = 1

3
+ 1

6
P200 + P220 + P202 + P222

(60)

〈
cos2(∠y Z )

〉 = 1

3
− 1

3
P200 − 2P202 (61)

〈
cos2(∠zX )

〉 = 1

3
− 1

3
P200 + 2P220 (62)

〈
cos2(∠zY )

〉 = 1

3
− 1

3
P200 − 2P220 (63)

〈
cos2(∠zZ )

〉 = 1

3
+ 2

3
P200 (64)

where
〈
cos2(∠i J )

〉
is an average of the angular distribution

of the i-axis of the Raman tensor with respect to the J-axis
of the specimen.

4.3. The (P200, P400) window
For a sample with a uniaxial orientation distribution, the
molecular orientation distribution coefficients Pl00 need
to be determined [3] for all the orders of l so as to obtain
the molecular orientation distribution function N(θ) in
Equation 36. In fact, different molecular distributions can
give an identical P200 value [61]. It is, however, possible
to predict [40, 41] the types of distributions from the P200

and P400 values.
First of all, relationships between the 〈cos2 θ〉 and

〈cos4 θ〉 values give boundaries of the P200 and P400 val-
ues to be taken. According to the Schwarz inequality [2 ,
40, 41],

〈
cos2 θ

〉2 ≤ 〈
cos4 θ

〉
(65)

and clearly,

〈
cos4 θ

〉 ≤ 〈
cos2 θ

〉
(66)

Using Equations 40 and 41, the P400 value is limited by
a function of P200 by,

35P2
200 − 10P200 − 7

18
≤ P400 ≤ 5P200 + 7

12
(67)

These boundaries are shown as a linear line (A-B) and
a curve (A-C-B) in Fig. 8a, where the points O(0, 0), A(1,
1) and B(-1/2, 3/8) correspond to the (P200, P400) values
for a sample with random molecular orientation (O in
Fig. 8b), with perfect orientation along the specimen Z-

Figure 8 (a) Limitations of P200 and P400 values [40, 41], and (b) corre-
sponding molecular orientation distributions in a uniaxially-oriented sample
(the darker the shadow, the higher the molecular orientation; the vertical line
is in the direction parallel to the specimen Z-axis).

axis (A), and with perfect orientation normal to the Z-axis
(B), respectively.

Next, real distributions can be assumed using two-phase
models, where one phase has perfect orientation and the
other phase has random orientation. The (P200, P400) val-
ues depend on the ratio of these two phases, which are
shown as two lines, (A-O) and (B-O), in Fig. 8a.

The other boundaries can be given by considering the
models in which functions N(θ) are assumed to be single-
step functions. Two cases are taken into account: (i) the
function N(θ) is constant at 0◦ ≤ θ ≤ θo and zero at θo ≤
θ ≤ 90◦ (D in Fig. 8b), (ii) the function N(θ) is zero at 0◦
≤ θ ≤ θo and constant at θo ≤ θ ≤ 90◦ (E). The integral
in Equation 32 gives,

P200 = cos θo (1 + cos θo)

2
(68)
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P400 = cos θo (1 + cos θo)
(
7 cos2 θo − 3

)

8
(69)

for case (i) and,

P200 = cos θo
(
cos2 θo − 1

)

2
(70)

P400 = cos θo
(
cos2 θo − 1

) (
7 cos2 θo − 3

)

8
(71)

for case (ii). The (P200, P400) correlations for cases (i)
and (ii) are shown in Fig. 8a as the curves (O-D-B) and
(O-E-A), respectively.

Finally, molecular orientation distributions are divided
by these boundaries in Fig. 8a into four types: (i) a mono-
tonic decrease of the function N(θ) with increasing θ (F
in Fig. 8b), (ii) a monotonic increase of the function N(θ)
with increasing θ (G), (iii) the function N(θ) has at least
one minimum at θo where 0◦ < θo < 90◦ (H), and (iv)
the function N(θ) has at least one maximum at θo where
0◦ < θo < 90◦ (J).

The diagram in Fig. 8a is useful [2] to obtain informa-
tion about the molecular orientation distribution when the
values of P200 and P400 are derived experimentally.

5. Most probable orientation distribution
function: Nmp(φ, θ , ψ)

The Plmn values with the order l higher than 4 influ-
ence the function N (φ, θ, ψ) when a sample has high
molecular orientation. It is, however, not easy to obtain
these higher-order Plmn values apart from by using X-ray
diffraction. On the other hand, the functionN (φ, θ, ψ) for
such a sample may be predicted [22, 23, 45, 46] as the
most probable molecular orientation distribution func-
tion, Nmp(φ, θ, ψ), using information entropy theory [40
, 42–44]. According to the theory, unknown parameters
of the system can be postulated to maximise the entropy
of the system.

By following the mathematical derivation given
in the Appendix, the information entropy of the
distribution functionS[N (φ, θ, ψ)] is given [42–44] by,

S[N (φ, θ, ψ)] = −
∫ π

0

∫ 2π

0

∫ 2π

0
N (φ, θ, ψ)

ln N (φ, θ, ψ)dψdφdθ (73)

under the following constraints,

N (φ, θ, ψ) ≥ 0 (74)

and

∫ π

0

∫ 2π

0

∫ 2π

0
N (φ, θ, ψ) sin θdψdφdθ = 1 (75)

By introducing the Lagrange multipliers Amp
lmn for the

known Plmn values (l = 2 and 4 in the case of po-
larised Raman spectroscopy) and by maximising the
entropyS[N (φ, θ, ψ)], Equation 73 becomes,

∫ π

0

∫ 2π

0

∫ 2π

0

[
ln N (φ, θ, ψ)

−
∑

lmn

Amp
lmn Plmn(φ, cos θ, ψ)

]
δN (φ, θ, ψ)

× sin θdψdφdθ = 0 (76)

which gives,

Nmp(θ, φ,ψ)

= exp
[∑

lmn Amp
lmn Plmn(φ, cos θ, ψ)

]
∫ π

0

∫ 2π

0

∫ 2π

0 exp
[∑

lmn Amp
lmn Plmn(φ, cos θ, ψ)

]
sin θdψdφdθ

(77)

where the functions Plmn(φ, cosθ , ψ) take the forms of
equations from (39) to (52) without brackets ‘〈〉’, and the
termsAmp

lmn are constrained to satisfy the Plmn values in the
following equations,

Plmn

=
∫ π

0

∫ 2π

0

∫ 2π

0 Nmp(φ, θ, ψ)Plmn(φ, cos θ, ψ) sin θdψdφdθ
∫ π

0

∫ 2π

0

∫ 2π

0 Nmp(φ, θ, ψ) sin θdψdφdθ

(78)

which are corresponding to the Equation 32 generalised
for all the Plmn values.

The information entropy theory described above is also
applicable for other techniques such as IR dichroism mea-
surements where Plmn values of l = 2 only can be ob-
tained. However, the function Nmp(φ, θ, ψ) predicted by
polarised Raman spectroscopy would expect to be closer
to the true distribution functionN (φ, θ, ψ) than that by
IR dichroism measurements with respect to the number
of the constraints considered in Equation 78.

6. Factors affecting the evaluation
of the Raman scattering intensity

In principle, a set of polarised Raman spectra can be inter-
preted in terms of molecular orientation distribution co-
efficients through the theoretical treatment above. How-
ever, the spectra might have already been distorted by
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several factors such as intrinsic characteristics of the ma-
terial, sample geometry and instrumental factors. There-
fore, special care should be taken for the determination of
the polarised Raman scattering intensity as described in
the following sections.

6.1. Intrinsic characteristics of the material
6.1.1. The tilt angle, �
As described in Section 3.8, the Plmn values measured
using polarised Raman spectroscopy contain information
about the orientation distribution of the Raman tensors
for the Raman band. However, the principal axis of the
Raman tensor is not necessarily coincident with that of
the molecular chain. In order to obtain information about
the orientation distribution of molecular chains, the Plmn

values for the Raman tensor need to be corrected using
the angular relationships between the x-y-z Raman tensor
coordinate and the x′-y′-z′ molecular chain coordinate,
which are shown by Equation 29. In general, however,
three more parameters using Euler angles are required to
correlate these two coordinates.

However, the correction process can be simplified if the
Raman tensor has cylindrical symmetry. The Plmn values
of the molecular chain (Plmn,chain) are related to those
of the Raman tensor (Plmn) [69–71] using the following
equation by introducing a tilt angle, �,

Plmn,chain = 1

Plmn(cos �)
Plmn (79)

where the angle � is defined as the angle between the
principal axis of a Raman tensor and the molecular chain
axis.

6.1.2. Overlapping of vibrational modes
Since polymers in general consist of a limited variety of
elements (H, C, O, N) and since their masses are relatively
similar (apart from the hydrogen atom), molecules contain
a number of vibrational modes with similar energy levels.
In semicrystalline polymers, the positions of the Raman
bands assigned to their amorphous phases may also dif-
fer slightly [72] from the ones assigned to the crystalline
phases. As a result, the Raman spectra assigned to these
bands are often overlapped, which affects the quantifica-
tion of the Raman intensity. A curve fitting procedure is
a useful approach to deconvolute these overlapped peaks.
However, fitting parameters should be chosen carefully
since the mathematical best fitting does not necessarily
represent the actual peaks due to an insufficient S/N ratio
or a shift due to polarisation.

If a pair of the vibrational modes assigned to the A and
E classes are overlapped, only the A-class band would
be obtained for isotropic samples. This can be done [30,

36] simply by subtracting the 4/3 times of the intensity of
the spectra in the XL(ZLYL)XL geometry from the intensity
of the spectra in the XL(ZLZL)XL geometry according to
Equations 9 and 13. This technique could be useful to
separate the strongly-polarised Raman bands (A-class)
from weakly-polarised neighbours.

6.1.3. Fermi resonance and resonance Raman
scattering

Although the theory predicts that the depolarisation ratio
(ρiso) of an isotropic sample should be in the range of 0
≤ρiso ≤ 3/4, aρiso value over 3/4 might be measured in
practice [73 , 74]. Fermi resonance [27] could be respon-
sible for this observation, where a set of Raman bands
with similar vibrational energies resonate and degenerate
with each other.

Resonance Raman scattering could also cause such de-
generacy [75] due to the interaction between vibrational
and electronic energy transitions. In this case, the ρiso

value may change with respect to the frequency of excita-
tion laser; hence it is possible to identify the resonant band
by measuring theρiso value with different laser sources.
Nevertheless, it is of importance to ensure that these res-
onance effects should not disturb the Raman band chosen
for the molecular orientation study.

6.1.4. Fluorescence background
It may happen that the Raman scattering peaks are hidden
by a strong fluorescent background [28], which reduces
the S/N ratio of the spectra. This fluorescence is normally
caused by impurities in the sample, and thus the primary
solution is to prepare a sample with high purity. The
photo-bleaching technique [76] is also useful to reduce
the fluorescence background, although it takes time and
there is a risk of sample degradation during the exposure.
Owing to the difference in the time scale between Raman
scattering (order of picosecond) and fluorescence (order
of nanosecond), a time-resolved gated detector [28] can
collect the Raman spectra separated from fluorescence.

An alternative approach to avoid the fluorescence is to
use different laser sources, particularly with higher fre-
quencies such as near IR or Nd:YAG laser sources, where
the Raman excitation occurs outside the absorption of flu-
orescent materials. Apart from the use of conventional
Raman equipment, a Fourier-transfer Raman spectrome-
ter can increase the S/N ratio. Combined with a statistical
analysis [77], the Raman scattering intensity can be de-
termined more precisely.

6.2. Sample geometry
6.2.1. Multiple Raman scattering
Optical discontinuity [78] at the interface between the
sample and the environment causes refraction and scat-
tering [73] of the polarised light, which results in the
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scrambling of the polarisation. As a consequence, it has
been observed that the orientation coefficients showed
disagreement between different techniques [71]. Some
studies successfully reduced the influence of the optical
discontinuity by immersing or by embedding the sample
in a medium for which the refractive index is comparable
to the index of the sample [14, 79–82].

The clarity of the sample is also important to avoid
scrambling of the incident and scattered beams [83, 84].
This scrambling sometimes causes experimental difficul-
ties in highly-crystalline translucent samples [85].

6.2.2. Sample thickness
A change in the depolarisation ratio with respect to the
thickness of the sample has been observed for some mate-
rials [73, 80, 86]. This kind of phenomenon is often due to
the difference in scattering volume (Raman cross-section)
of the sample for each measurement. One solution is to
measure the depolarisation ratio of specimens with differ-
ent thickness and to extrapolate the ratio to zero thickness
[53, 86].

6.2.3. Sample birefringence
The birefringence of the sample is also considered to
affect the Raman scattering such as by increasing the
irradiation volume of the sample [87] or by causing
polarisation scrambling [72, 88]. One study [89] also
discussed the possibility of polarisation scrambling due to
the small residual stresses in non-oriented samples. The
effect of birefringence on Raman scattering has been dis-
cussed in detail in references [23, 24, 53, 55, 78, 80, 90],
which consider reflectivity and internal field corrections.
According to Everall [55], the Raman intensity observed
(Iij−obs) can be treated with two parameters in terms of
reflectivity (CR) and internal field (CIF) to calculate the
corrected Raman scattering intensity (Iij−R,IF) by:

Ii j−R,I F = CRCI F Ii j−obs (80)

where the incident and scattered beams are polarised in
the i and j directions, respectively, and each parameter
is correlated with the refractive indices of the material
along the i and j axes (ni, nj) as follows:

CR = (ni + 1)2(n j + 1)2

[(ni + 1)2 − (ni − 1)2][(n j + 1)2 − (n j − 1)2]

(81)

and,

CI F = 81ni

n j
(
2 + n2

i

)2
(

2 + n2
j

)2 (82)

In fact, the study by Everall [55] showed empirically
that PET fibres with a birefringence difference of 0.061
resulted only in ∼ 5% change in their

〈
cos2 θ

〉
values.

Therefore, it is unlikely that the effect of sample birefrin-
gence is critical for the study of molecular orientation.
The effect of the birefringence could also be reduced by
immersing into media [71] as mentioned in Section 6.2.1.

6.3. Instrumental factors
6.3.1. Divergence of the incident beam
For the accurate measurement of polarised Raman scatter-
ing intensity, it is essential for the incident laser beam to
be highly polarised. The divergence of the incident beam
used to influence the polarisation of the Raman scattering
in combination with the birefringence effect [78]. Nowa-
days, however, the laser polarisation can be controlled
well by a polarisation filter and a half-wave (λ/2) plate.
The beam divergence can be corrected by considering [55]
the refractive index of the sample along the direction of
the analyser (nj):

Ii j−B D = n2
j Ii j−obs (83)

6.3.2. Scattering collection geometry
The polarisation scrambling is also dependent on the ge-
ometry of Raman scattering collection geometry, which
varies in optical path length [91]. In the transmission col-
lection geometry [73, 74, 76, 80, 92], the sample should be
thin enough to minimise the intensity loss and polarisation
scrambling of the Raman scattering within the sample. In
the right-angle scattering (RAS) geometry, the focal point
of the sample should be just below the surface for the
same reasons [74]. In the back-scattering (BS) geometry,
the effect of the polarisation scrambling is less trouble-
some owing to the small scattering volume [71, 76, 93].
Nevertheless, it is important to focus the incident beam at
the surface of the sample [91].

As well as depending on the scattering volume, the
polarised Raman scattering intensity is also dependent on
the scattering collection angle [35], for which an intensity
calibration is required for the RAS geometry while no
such calibration is necessary for the BS geometry.

6.3.3. Dichroic response of the instrument
A beam splitter is usually employed to allow only
Raman scattered light to pass but to prevent the incident
beam and the Rayleigh scattered light from going to the
spectral analyser. The reflection and transmission coeffi-
cients of the beam splitter depend on the polarisation of
the beam and the wavelength of the incident beam [55, 91,
94, 95]. As a result, some of the depolarisation ratio mea-
surements seemed to be affected by their beam splitters
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[95, 96], although the influence seems to be suppressed
successfully in modern instruments [91].

6.3.4. Effect of the objective lens
When the polarised Raman spectroscopy is combined with
optical microscopy, the distortion of incident light and
Raman scattering due to the objective lens may influence
[91] the process of analysing polarised Raman scattering.

Previous studies by Turrell and co-workers [91, 97–
99] considered the effect of objective lenses by mea-
suring the depolarisation ratio of isotropic liquid and
gas samples [98] and anisotropic single crystals [91,
98, 99]. Two reasons were considered [98] to be re-
sponsible for the polarisation leakage in Raman mi-
croscopy: (a) a conical geometry of the scattering vol-
ume and (b) the depolarisation effect of the microscope
objective.

Experimental results of these studies showed that the
depolarisation effect of the objective lens is small when
the numerical aperture (N.A.) of the lens is small. This
is considered [98] to be due to the fact that the coni-
cal scattering volume is more cylindrical when the lens
with a smaller N.A. is used. Following the laboratory-
axis coordinate defined in Fig. 6, incident light polarised
in the ZL axis is distorted by the objective lens, and in-
duces an XL-axis component when the light is focused
on the sample. The higher the numerical aperture, the
higher the angle of focus; hence the more the amount of
the induced XL-axis component. Therefore, the use of a
small N.A. objective lens would reduce the scattering due
to the induced XL-axis component of the light. Accord-
ing to their calculation [98], the depolarisation ratio of a
perfectly-polarised and depolarised Raman band would be
expected to be 0.77 and 0.135 using an objective lens (×
160) with a N. A. value of 0.95, despite the theory of Ra-
man spectroscopy predicting these values to be 0.75 and 0,
respectively.

For an isotropic sample, no apparent effect due to the
objective lens of ×50 was observed [91, 99] with lenses
up to N.A. = 0.85. For a sample with anisotropy, on
the other hand, a study [91] showed that sample bire-
fringence could influence the polarised Raman scatter-
ing by measuring the depolarisation ratio of an α-quartz
single crystal. When the optical axis of the crystal was
perpendicular to the propagation of the incident light,
a negligible effect of the objective lens was observed
for lenses with N.A. up to 0.85. However, the limit of
N.A. was lowered to 0.63 when the optical axis of the
crystal was aligned in the direction parallel to the prop-
agation direction of the incident light. The study sug-
gested that the effect due to the sample birefringence
could be reduced by shortening the optical path within the
sample.

On the other hand, another study [84] also showed a
correlation of the focal length of the objective lenses and

the Raman scattering intensity in respect of the clarity of
the sample. By utilising an optical fibre with focal lengths
of ∼ 65 mm (f/3) and ∼ 445 mm (f/10), an intensity re-
duction by ∼ 16% was observed for a transparent sample
with an f/10 lens, while the intensity declined by ∼ 73%
for an opaque sample.

Therefore, it is important to choose a suitable ob-
jective lens with a N. A. value which does not dis-
turb the polarised Raman intensity measurements. It is
also desirable to measure the depolarisation ratio of the
Raman scattering intensity using lenses with different
N. A. values [14].

6.3.5. Calibration of instrumental factors
As explained above, several external factors can affect the
measurement of polarised Raman scattering. Although
the influence of each factor may be small, their accumula-
tion could cause considerable experimental error. Hence,
it is recommended to calibrate the system sensitivity to a
polarised laser beam prior to embarking upon polarised
Raman studies. The calibration can be performed by mea-
suring the relative transmission of white polarisation—
scrambled light [95].

An alternative and easier way to calibrate the instru-
mental factors is to measure the depolarisation ratio of a
substance for which the ratio is well known. Carbon tetra-
chloride (CCl4) [63, 91, 94, 100] and a α-quartz single
crystal [91, 94] are widely used for the intensity calibra-
tion. In the case of CCl4 sample, the intense Raman bands
at 459 cm−1, 314 cm−1 and 220 cm−1 have been used in
some studies [94, 101]. The band at 459 cm−1 is a sym-
metric ν1 vibrational mode in the polarised A1 class, and
the depolarisation ratio has been reported as 0.003 [101].
However, different ρ values were reported in some papers
[63, 95] probably due to experimental error in the evalu-
ation of the weak I⊥ value. On the other hand, the bands
at 314 cm−1 and 220 cm−1 are asymmetric ν4 vibrational
modes in the F2 class [94], for which the depolarisation
ratios should be 0.75. Therefore, it is recommended to use
the 314 cm−1 and 220 cm−1 of CCl4 bands for instrumen-
tal calibration. Assuming that the liquid CCl4 is isotropic,
the intensity of the Raman scattering (Iij) for these bands
can be calculated to be:

IY Y = IZ Z , IY Z = IZY (84)

and

IY Z

IZ Z
= 0.75 (85)

in the BS geometry.
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7. Practical applications of polarised Raman
spectroscopy for the study of molecular
orientation distributions in polymers

In practice, a diversity of materials has been examined
using polarised Raman spectroscopy for the evaluation
of molecular orientation as well as for the assignment
of vibrational modes and for conformational [102] and
microstructural studies [103]. Studies on liquid crystals
[17, 53, 86, 104, 105] have been performed widely since
the molecules in these materials are highly oriented,
which gives rise to a significant difference in the intensity
of polarised Raman spectra. With regard to polymeric
materials, a series of commodity polymers such as
polyolefins, polyesters and poly(vinyl chloride) (PVC)
have been of interest.

As described in Section 3.4, the symmetry of
Raman tensors plays an important role in polarised Ra-
man spectroscopy for the study of molecular orientation
distributions. In addition, forms of the tensors depend not
only on the vibrational modes of the molecules but also
their conformation. Therefore, the following sections re-
view previous studies of polarised Raman spectroscopy
for a variety of materials, categorised by their types of
molecular conformation.

7.1. Polymers with planar chain
conformations

7.1.1. Polyethylene (PE)
Maxfield [79] firstly utilised the approach to evaluate
molecular orientation in an oriented low density PE
(LDPE) specimen. In the RAS geometry, the molecu-
lar orientation of crystalline phases and that of amor-
phous phases were measured, and they were correlated
with the results of IR spectroscopy. Similar studies have
been carried out by Pigeon et al. [74] and Citra et al.
[93] on uniaxially-drawn high density PE (HDPE) spec-
imens, and by Lu et al. [106] on extruded PE rods in
both the RAS and BS geometries. Their findings were
also compared with the data from X-ray diffraction [93,
106] and IR spectroscopy [106]. Interestingly, the study
[106] successfully determined the local orientation of PE
molecules in an extruded H-shape PE rod by employing
polarised Raman microscopy. In terms of the correlation
with macroscopic properties, Lu et al. [106] measured the
relative Raman intensities of bands in high modulus PE
fibres, and correlated them with their tensile moduli.

These molecular orientation studies have focused on
the vibrational modes for which the principal axes of
the polarisability tensors are coincident with the chain
axis. On the other hand, Schlotter et al. [47] considered
the orientation distribution of the polarisability tensor
for which the principal axis lies perpendicular to the
specimen drawing direction.

Finally, Nikolaeva et al. [48–50] introduced an alter-
native approach using polarised Raman spectroscopy for

the study in PE molecular orientation. In addition to the
conventional technique based on the measurement of the
absolute Raman scattering intensity dependent on the op-
tical geometry, the intensity ratio of two specific Raman
bands was employed for the evaluation of the degree of
molecular orientation.

7.1.2. Poly(ethylene terephthalate) (PET)
A number of researchers have directed their attention to
polyesters by applying polarised Raman spectroscopy, to
PET in particular, owing to the industrial applications of
the fibres. PET also gives strong, well-defined Raman
spectra with a sharp intense peak at 1616 cm−1, which
has been assigned to the symmetric stretching vibrational
mode of the phenylene ring. The polarisability tensor for
this vibrational mode can be treated with cylindrical sym-
metry, and the ratios of the diagonal components have
already been estimated [55, 69, 85, 96, 107, 108]. Further-
more, fibre specimens can be considered to have uniaxial
orientation. Therefore, PET is one of the best examples
of molecular orientation studies using this technique.

Probably because of the ease of the study, the mor-
phologies of PET specimens have been often studied by
the technique in parallel with the evaluation of the molec-
ular orientation. To begin with, Derouault et al. [88] ob-
served the molecular orientation in a PET sheet qualita-
tively in terms of the depolarisation ratio change through
the film thickness direction. The RAS geometry was ap-
plied for his study, while the combination of the RAS
and BS geometries enabled a series of investigations to be
undertaken by Jarvis et al. [7], Nobbs et al. [22], Lewis
et al. [71], and Purvis et al. [80, 107] on uniaxially- and
biaxially-oriented PET specimens.

Raman microscopy was employed by Adar et al. [96]
and by Rodriguez et al. [109] for qualitative molecular
orientation analyses, which also considered crystallinity
and the band width of the spectra [96]. Another qualita-
tive study by Natarajan et al. [110] discussed the rela-
tion between relative Raman intensities and macroscopic
properties such as birefringence and density. These Ra-
man spectroscopic studies have been correlated by Laper-
sonne et al. [23] with the other analytical methods such
as NMR [8], IR spectroscopy, X-ray diffraction, and bire-
fringence measurements. In the latter work [8], Ward dis-
cussed the molecular orientation in the crystalline and
amorphous phases in detail. Huijts et al. [111] also em-
ployed both the Raman and birefringence techniques to
the molecular orientation study of as-spun PET fibres and
compared with poly(ethylene naphthalate) (PEN). Lesko
et al. [66] and Michielsen and co-workers [60, 112, 113]
studied the molecular orientation of a wide range of PET
spun fibres and related it with their sample birefringence.
Conventional Raman spectroscopy [55] and FT-Raman
spectroscopy [114] have been also applied by Everall and
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others for a series of uniaxially- and biaxially-oriented
PET specimens to classify the samples with respect to
their crystallinity and molecular orientation. Bower et al.
[46] also studied biaxial orientation in PET films, and
characterised molecular orientation using the most prob-
able orientation distribution function.

7.1.3. Other materials with planar chain
conformations

Apart from the extended research on PE and PET above,
the molecular orientation of several other polymeric ma-
terials has been evaluated. Robinson et al. [13] targeted
poly(vinyl chloride) (PVC) with moderate crystallinity
for the study of the plasticising effect on the molecular
orientation during drawing. The orientation distribution
coefficients were determined based on the C–Cl stretching
band, and it was concluded that the crystallinity declined
during the drawing process.

Some of engineering polyesters and polyamides have
also been studied, such as PEN [111], poly(ether ether
ketone) (PEEK) [115], nylons [116]. These results were
rather qualitative except for the study on PEN, for
which the orientation distribution parameter

〈
cos2 θ

〉

was obtained and correlated linearly with the result of
birefringence measurements. Other types of aromatic
polyesters [17, 117] have also been of interest since
the symmetric stretching vibration of their phenylene
ring gives intense Raman scattering. Molecular orien-
tation in polysulfone hollow fibres was measured by
Prokhorov et al. [50], and the study successfully re-
lated the result to their draw ratios in spite of a compli-
cated sample geometry. Furthermore, the molecular ori-
entation of polycarbonate (PC) in high-modulus carbon
fibre/PC composite materials was measured [118] quan-
titatively to explain the deformation micromechanics of
composite materials with a single fibre.

Similarly in fluorescence spectroscopy, polyene probes
were used [119] to study the molecular orientation dis-
tributions in PE materials. Although the technique is an
indirect measurement of the molecular chain orientation,
the study showed the orientation distribution in the amor-
phous phases in the sample since the probes are thought
to be adsorbed selectively to the amorphous phase.

7.2. Polymers with helical molecular
conformations

7.2.1. Isotactic polypropylene (it.PP)
While FT-IR, X-ray diffraction, and birefringence mea-
surement are regarded as common approaches for the
study of molecular orientation distributions in it.PP mate-
rials [120, 121], relatively little research has been reported
on orientation studies by means of polarised Raman spec-
troscopy. Apart from some qualitative studies [59, 85,

122] of molecular orientation, Satija et al. [14] evaluated
the molecular orientation coefficients of a hydrostatically-
extruded it.PP in the RAS geometry. Their observations
were correlated successfully with the results derived from
birefringence measurements and X-ray diffraction. On the
other hand, Wang et al. [123] measured the molecular ori-
entation coefficients of extruded PP rods. They compared
the results with those obtained from Brillouin scattering,
and further correlated these with the elastic constant of the
material. Apart from these quantitative analyses, a number
of researchers have applied polarised Raman spectroscopy
to obtain molecular orientation information qualitatively.
These studies focused on the deformation behaviour of
amorphous and crystalline phases of it.PP films [59], the
correlation between relative Raman intensities and bire-
fringence of it.PP fibres [124], and the local orientation of
it.PP matrix in an it.PP/CaCO3 composite material [125].
In addition, Baez et al. [85] examined the applicability of
FT-Raman to determine the molecular orientation of it.PP,
although the study provided only qualitative information.

Recently, it.PP composite materials [126] have been
introduced to enhance the mechanical properties of
it.PP matrix by organic and inorganic fillers. The in-
corporation of the filler compounds can lead to trans-
crystallisation [127] and preferential molecular orienta-
tion in the it.PP matrix [125, 128]. Polarised Raman spec-
troscopy has been applied to an it.PP composite with PET
fibre reinforcement [127], and the study successfully re-
vealed the trans-crystallisation between α- and β-form at
filler/matrix interface. By comparing relative Raman in-
tensities, preferential orientation of it.PP molecules was
also observed, while similar results were obtained [125]
for a CaCO3/it.PP composite material. In the study [128]
of a single-wall carbon nanotube (SWNT)/it.PP compos-
ite material, uniaxially-drawn specimens showed higher
molecular orientation of SWNT fillers compared to the
it.PP matrix.

It is of interest that the studies by Satija [14] and
Wang et al. [123] have been the only successful cases
of the quantitative measurement of molecular orientation
of it.PP. In spite of the fact that it.PP provides relatively
simple spectra that are similar to PE, additional consider-
ations are necessary due to its helical conformation.

7.2.2. Other conventional polymers with
helical chain conformations

Although the spectroscopic technique has been applied
to a number of helical molecules, only two polymers
have been investigated using a similar approach to it.PP.
Purvis et al. [81] reported the orientation distribution co-
efficients of a uniaxially-oriented poly(methyl methacry-
late) (PMMA) specimen, and the observations were re-
lated to the results of birefringence measurements and
NMR [129]. They also pointed out that the molecule had
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a helical conformation since it was reasonable to assume
the cylindrical symmetry of the polarisability tensor. The
other example was atactic PS (at.PS) studied by Jasse and
co-workers [100, 130]. In addition to the assignment of
the vibrational modes, they evaluated the molecular ori-
entation in a uniaxially stretched at.PS, for which

〈
cos2 θ

〉

agreed well with the result from IR dichroism [100].
Polarised Raman spectroscopy has been used for vi-

brational mode assignment and the qualitative measure-
ment of molecular orientation in poly(tetrafluoroethylene)
copolymers [131, 132]. A compostable polymer, poly(L-
lactic acid) is another example of helical polymers. Po-
larised Raman spectra were obtained [133, 134], and the
Raman band positions were found to shift depending on
the molecular orientation. The study [134] also evaluated
the molecular orientation in a PLLA film qualitatively by
means of relative intensity measurements.

7.2.3. Polymers of biological origins
As well as synthetic polymers, molecular orientation dis-
tributions in polymers of biological origins have been of
interest recently in order to study their microstructures
and relate them to their macroscopic properties. With re-
gards to the application of polarised Raman spectroscopy,
some studies [135–137] focused on the orientation dis-
tributions of chromophores and proteins in filamentous
macromolecular assemblies such as viruses. By measur-
ing Raman intensities in the BS geometry, uniaxial orien-
tation of the helical backbone units was evaluated quanti-
tatively.

More recently, the technique was applied for the study
of molecular orientation distributions in silk fibres [138].
It was shown that the orientation distributions of β-sheet
structural units are unique between different silk fibres,
which would be correlated with their macroscopic me-
chanical properties. The study also referred to the tilt
angle of the peptide C=O group, and concluded that the
direction of this functional group is nearly perpendicular
to the chain axis.

Apart from the study of molecular orientation distri-
butions, polarised Raman spectroscopy plays an impor-
tant role in the determination of the molecular structure,
which could be particularly useful in biological and med-
ical fields. Based on the analysis of well-oriented speci-
mens, the tilt angle of a specific vibrational mode could
provide information about the orientation of the functional
group in the molecule. This technique has been applied
for the helical chain orientation in poly(L-alanine) [139]
and subunits in a filamentous virus [140].

8. Case study: Molecular orientation
distributions in uniaxially-oriented PET fibres

As reviewed in the previous sections, a number of studies
have already established the theoretical background of the
analysis of molecular orientation by means of polarised

Raman spectroscopy. However, a practical example needs
to be given of the process to determine the molecular
orientation distribution coefficients. In this section, the
molecular orientation distribution of PET materials was
studied in order to review the validity of the technique and
the factors influencing their measurement.

8.1. Background
The molecular orientation of PET materials has been stud-
ied widely as summarised in Section 7.1.2. The Raman
band at 1616 cm−1 has been regarded as an ideal peak
for the studies of molecular orientation. This band gives
a sharp, intense Raman scattering as shown in Fig. 9,
and the ρ iso value was reported to be 0.5484 [107]. The
ratio of the diagonal Raman tensors (axx, ayy, azz) was
also determined as axx ≈ ayy, axx/axx = −0.18 [80, 107].
In the current study, uniaxially-oriented PET fibres were
employed since only the Pl00 values are non-zero for a
specimen with uniaxial orientation (Section 4.1), which
can reduce the number of parameters that have to be de-
termined.

This section also includes the process of the system
calibration, and the molecular orientation distribution co-
efficients are discussed with reference to the birefringence
and tensile modulus of the specimen.

8.2. Experimental
Four types of uniaxially-oriented PET fibre specimens
[141] were supplied by Akzo Nobel. Their birefringence
and mechanical properties are listed in Table IV. The
birefringence was determined as an average of the mea-
surement for 10 single filaments under a polarised op-
tical microscope fitted with a Senarmont compensator.
The mechanical properties of each specimen were deter-

Figure 9 Polarised Raman spectra of PET fibre specimen PR for the
XL(ZLZL)XL scattering geometry.
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T AB L E I V Sample birefringence (�n) and mechanical properties of
the PET fibre specimens

Code
[141] �n (−)

Tensile
modulus (GPa)

Tensile strength
(MPa)

Elongation
at break
(%)

PC 0.180 ± 0.004 17.5 ± 0.6 922 ± 54 12.1 ± 1.8
PL 0.167 ± 0.004 17.2 ± 0.8 749 ± 28 16.8 ± 1.7
PM 0.192 ± 0.005 18.5 ± 0.7 1042 ± 65 10.9 ± 1.2
PR 0.171 ± 0.013 15.8 ± 0.7 687 ± 20 13.5 ± 0.7

mined from averaging 20 replicated measurements using
a mechanical testing machine (Instron 1121) with an ini-
tial sample gauge length of 50 mm and a strain rate of
10%/min. For polarised Raman spectroscopy, a single fil-
ament of each specimen was mounted across an O-ring
washer.

A Raman microscope (System 1000, Renishaw)
equipped with a HeNe laser (λ = 632.8 nm, output
26 mW) was used for the measurement of polarised Ra-
man scattering intensity. The incident laser beam was
focused at the surface of the sample, and the Raman scat-
tering was collected with an objective lens (× 50, N.A. =
0.75) in the BS geometry. The PET sample was aligned
with its fibre axis parallel to the ZL laboratory axis (Fig. 6).
Special care was taken so that the CCl4 vapour did not af-
fect the Raman scattering collection. The Raman shift
was calibrated with the peak [142] at 521 cm−1 of a Si
standard (Renishaw).

The Raman scattering intensity was measured for three
combinations of the polarisation direction of the inci-
dent beam and the Raman scattering, i.e. XL(ZLZL)XL,
XL(YLZL)XL, and XL(YLYL)XL, using polarisation filters
and a half-wave (λ/2) plate. The observed intensity was
corrected for the polarisation sensitivity of the instrument,
the effect of the sample birefringence (Section 6.2.3) and
the divergence of the incident beam (Section 6.3.1), as-
suming that the averaged refractive index (nav) of PET [80]
was 1.58, which is related [68] to the refractive indices
parallel (ne) and perpendicular (no) to the fibre axis by,

nav = ne + 2no

3
(85)

The Pl00 values were obtained from the set of the po-
larised Raman scattering intensity measurements accord-
ing to the procedure described in Section 3.9. The ex-
pansion coefficients Ag′gp′p

l00 /a2
zz were calculated using the

ratios of the Raman tensor components [80 , 107], and are
listed in Table V.

8.3. Results
8.3.1. System calibration with CCl4
Prior to the measurement of polarised Raman scattering
intensity of the PET fibre specimens, the polarisation sen-

T AB L E V Expansion coefficients (Ag′gp′p
l00 /a2

zz) for the 1616 cm−1

Raman band of the PET fibre specimens

αg′gαp′p A000/a2
zz A200/a2

zz A400/a2
zz

α2
X X 0.2394 −0.1621 5.626×10−2

α2
Z Z 0.2394 0.3241 0.1500

α2
Z X 0.1313 4.193×10−2 −7.502×10−2

sitivity of the system was calibrated with CCl4 (99%,
BDH). Liquid CCl4 was kept in an open glass vial for the
whole of the experiment.

Fig. 10 shows polarised Raman spectra of CCl4 with re-
spect to XL(ZLZL)XL, XL(YLZL)XL, and XL(YLYL)XL polar-
isation geometries. Three peaks were observed at around
460 cm−1, 320 cm−1 and 225 cm−1. The Raman scatter-
ing intensity of the band at 460 cm−1 was reduced sig-
nificantly in the XL(YLZL)XL geometry, which indicates
that the band belongs to the A-class (polarised, ρ iso <

0.75) which agreed with references [63, 91, 94]. On the
other hand, the bands at 320 cm−1 and 225 cm−1 should
be the F-class (depolarised, ρ iso = 0.75) according to the
references. Since the peak at 225 cm−1 was asymmet-
ric probably due to the influence of Rayleigh scattering
background, the peak at 320 cm−1 was more reliable and
used for the instrumental calibration for polarised Ra-
man scattering intensity measurement. The instrumental
correction described in Section 6.3 was assumed that the
CCl4 sample was isotropic, which gave the intensity cor-
rection factors of 1.08 and 0.92 for the XL(YLZL)XL, and
XL(YLYL)XL geometries. Therefore, the polarised Raman
scattering intensities in these geometries were multiplied
by these values prior to the calculation of the Pl00 values.

Figure 10 Polarised Raman spectra of CCl4 for different scattering geome-
tries.
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8.3.2. Molecular orientation distribution
coefficients of PET fibres

Polarised Raman spectra of specimen PR with different
polarisation combinations are shown in Fig. 11. A unique
response was observed for each Raman band for each of
the polarisation directions of the incident beam and the
analyser, which was caused by the direction and the mag-
nitude of the Raman tensor components as well as the
orientation distribution of the orienting unit. Focusing on
the band at 1616 cm−1, the peak height of the scatter-
ing was measured and used for the determination of the
Pl00 values. The set of intensities were summarised for
each specimen in Table VI, which was normalised to the
intensity in the XL(ZLZL)XL geometry.

As given in Table VII, the Pl00 values were calculated
referring to Equations 13 and 31 assuming that the prin-
cipal axis of the Raman tensor was parallel to that of the
orienting unit. Fig. 12 shows the correlation between the
P200 and P400 values, in which the boundaries to classify
the molecular orientation distribution (Fig. 8) have been
superposed. All specimens were found to have a mono-
tonic increase in molecular orientation distribution toward
the fibre axis.

As mentioned briefly in the introductory part of this
review, the P200 value can be correlated with the birefrin-

T AB L E VI Ratio of the Raman scattering intensity at 1616 cm−1 of the
PET fibre specimens collected in different scattering geometries (IXL(ZLZL)XL

= 100)

Code [141] IXL(ZLZL)XL IXL(YLZL)XL IXL(YLYL)XL

PC 100 14.3 ± 0.3 9.2 ± 0.1
PL 100 17.2 ± 2.0 10.8 ± 0.2
PM 100 13.9 ± 0.4 6.8 ± 0.2
PR 100 15.0 ± 0.3 9.2 ± 0.2

Figure 11 Polarised Raman spectra of PET fibre specimen PR for different
scattering geometries.

T AB L E VI I Molecular orientation distribution coefficients (Pl00) of
the PET fibre specimens

Code [141] P200 P400

PC 0.600 ± 0.004 0.316 ± 0.008
PL 0.557 ± 0.003 0.263 ± 0.003
PM 0.650 ± 0.007 0.324 ± 0.012
PR 0.596 ± 0.005 0.298 ± 0.005

Figure 12 Relationship between the P200 and P400 values of the PET fibre
specimens determined by polarised Raman spectroscopy.

gence (�n) of the sample [68] by,

�n = P200�nmax (87)

where �nmax is a intrinsic birefringence of the material.
The P200 value determined by polarised Raman spec-
troscopy (P200,C1−C4) was related to the sample birefrin-
gence in Fig. 13. Although the plots were scattered due to
a similarity in the molecular orientation distribution be-
tween the samples, a linear trend line through the origin
gave a �nmax value of 0.296 ± 0.003 at the intercept to
P200 = 1. This �nmax value is large compared with the
value around 0.24 reported in the previous studies [70, 78,
107, 111, 143]. This discrepancy could be explained by
considering the tilt angle (Section 6.1.1) as follows.

The P200 value for the 1616 cm−1 Raman band, in fact,
represents the orientation distribution of the principal axis
of the Raman tensor. In order to obtain the P200 value for
the molecular chains (P200,chain), the P200 value needs to be
corrected for the tilt angle. The Raman band at 1616 cm−1

of PET was assigned [80, 108, 144] to the symmetri-
cal stretching vibration along the C1-C4 direction of its
phenylene ring, in which the principal axis of the Raman
tensor is tilted for about 19◦ from the molecular chain di-
rection [107, 145]. Therefore, an angular correction was
required to obtain the orientation distribution coefficients
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Figure 13 Relationship between sample birefringence and the values of
P200,C1−C4 and P200,chain for the PET fibre specimens.

of PET molecules in the sample. Using Equation 79, the
P200 values for the molecular chains (P200,chain) of the PET
specimens were calculated from those for the P200,C1−C4

values. The results are also shown in Fig. 13, and the
�nmax value was obtained to be 0.249 ± 0.003, which is
consistent with the reference values around 0.24.

8.3.3. Molecular orientation distribution
function: N(θ ) and Nmp(θ )

Similar to the P200,chain value, the P400,chain value can be
determined from the P400 value using Equation 79. Us-
ing these P200,chain and P400,chain values, it is possible to
obtain their molecular orientation distribution functions
N(θ) according to Equation 36.

In Fig. 14, the function N(θ) is shown for specimen PM,
which gave the highest P200 value of all the specimens.
The function N(θ) increases as the angle θ is close to 0◦.
This indicates that the molecular chains are more oriented
toward the fibre axis. On the other hand, there was a
negative region of the function N(θ) between 44◦ to 72◦.
In addition, the distribution is shown to be bimodal with
two maxima at θ = 0◦ and 90◦, which is unlikely to
present in the specimen studied here. These unrealistic
observations are considered as errors due to the Pl00 values
for the order l higher than 6 to be included in Equation 36.
As shown in the same figure, these errors are improved
by introducing the most probable molecular orientation
distribution function Nmp(θ) in Equation 77.

Fig. 14 also shows the function N(θ) where only the P200

value is taken into account. This function corresponds to
the study of molecular orientation distributions by bire-
fringence measurement or IR dichroism measurement.
The function N(θ) is much broader, as it may be subject

Figure 14 Comparison of molecular orientation distribution functions N(θ )
and Nmp(θ ): PET fibre specimen PM.

Figure 15 Comparison of the function Nmp(θ ): PET fibre specimens PL
and PM.

to a large error since the function ignores all the high order
coefficients except for the P200 value in Equation 36.

Finally, the difference in molecular orientation distri-
butions between different PET fibres is compared with
respect to their functions Nmp(θ). For clarity, the samples
giving the highest and lowest P200 values (PM and PL,
respectively) were chosen, and their functions Nmp(θ) are
shown in Fig. 15. The function Nmp(θ) of specimen PM
gives a higher and narrower maximum at θ = 0◦ than that
of specimen PL. This clearly indicates that the specimen
PM has higher molecular orientation than specimen PL.

The analysis above demonstrates that the function N(θ)
is useful to visualise the molecular orientation distribu-
tions in the sample. Polarised Raman spectroscopy, which
enables to determine orientation coefficients up to P4mn
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values, was shown to improve the accuracy of the function
N(θ). Furthermore, the errors due to the lack of informa-
tion about Plmn values for l ≥ 6 would be reduced by
introducing the function Nmp(θ).

8.3.4. Correlation between molecular
orientation distribution and
macroscopic tensile properties

The microstructure of a material such as molecular orien-
tation is known to have a large effect upon its macroscopic
mechanical characteristics. In relation to the molecular
orientation distribution coefficients, the tensile modulus
has contributions from both

〈
cos2 θ

〉
and

〈
cos4 θ

〉
values

[146, 147], which are derived from the P200 and P400 val-
ues using Equations 68 and 69.

Assuming a Reuss-type aggregate model [148], the ten-
sile compliance along the fibre axis, 〈s33〉, which is the
reciprocal of the tensile modulus is described as,

〈s33〉 = s11
〈
sin4 θ

〉 + s33
〈
cos4 θ

〉

+ (2s13 + s44)
〈
sin2 θ cos2 θ

〉
(88)

where sij are compliance matrix components. The values
of

〈
sin4 θ

〉
and

〈
sin2 θ cos2 θ

〉
are obtained using,

〈
sin4 θ

〉 = 1 − 2
〈
cos2 θ

〉 + 〈
cos4 θ

〉

〈
sin2 θ cos2 θ

〉 = 〈
cos2 θ

〉 − 〈
cos4 θ

〉

Since the molecules are considered to be highly oriented
along the fibre direction considering the Pl00 values ob-
tained, some approximations were made to simplify Equa-
tion 88. Firstly, the s11 value was equal to the s44 value,
and the s13 value was very small compared to the s44 value.
Secondly, the s11 and s33 values were calculated to be 2.5
× 10−10 and 0.1 × 10−10 m2/N, respectively, based on the
elastic moduli of the crystalline phases of PET in the direc-
tion parallel [149] and perpendicular [150] to the chain di-
rection. The calculated specimen modulus (Ecalc) was con-
sistent with that (Eobs) obtained from mechanical testing
of the specimen as shown in Fig. 16. The results presented
show that polarised Raman spectroscopy could be useful
for the prediction of mechanical properties of materials.

8.4. Summary
This section demonstrated the evaluation of molecular ori-
entation distribution by means of polarised Raman spec-
troscopy. An example was given of CCl4 being used for
the calibration of the polarisation sensitivity of the instru-
ment. The molecular orientation distribution coefficients
(Pl00) were obtained for a series of uniaxially-oriented

Figure 16 Comparison of tensile modulus (Ecalc) of PET fibre specimens
calculated from the Pl00 values determined by polarised Raman spec-
troscopy and that (Eobs) measured experimentally. (Dashed line: Ecalc =
Eobs).

PET fibres by measuring three polarised Raman scatter-
ing intensities with different polarisation combinations in
the BS geometry.

The P200 values of the specimens were reasonably cor-
related with their sample birefringence, which gave a
�nmax value of 0.249 ± 0.003 for a sample with per-
fect orientation (P200 = 1). The molecular orientation dis-
tribution parameters

〈
cos2 θ

〉
were derived from the Pl00

values for the purpose to predict the specimen modulus of
the samples. With the approximations of the compliance
matrix components for a highly oriented PET material,
the Ecalc values agreed with the experimental values of
Young’s modulus.

Two important points need to be taken into con-
sideration to determine the Pl00 values. Primarily, the
influence of birefringence on polarised Raman scattering
intensity was not negligible for the samples with high
birefringence. Secondarily, the Pl00 values needed to
be corrected for the tilting angle if the principal axis
of orienting units is not coincident with the molecular
chain axis since the Raman band intensity depends on
the orientation of the structural units.

9. Conclusions
The properties of polymers vary as a consequence of their
macro- and microscopic structures unique to the long
chain molecules. The chemical characteristics of the mate-
rial are determined mainly by the primary structure of the
molecule, whereas the microstructure plays an important
role on the physical characteristics. As seen in crystalline
and amorphous materials, the degree of molecular orienta-
tion can be regarded as one of the most crucial parameters
defining the macroscopic properties of the material.
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The quantitative evaluation of molecular orientation is
of great interest, and it can be expressed clearly in terms
of the orientation distribution coefficients, Plmn, or pa-
rameters,

〈
cosl θ

〉
. The parameters are termed as the direc-

tion cosines of the angle between molecular chain direc-
tion and the principal axis of the sample, which is aver-
aged over the volume in focus. Among several techniques
to determine these coefficients and parameters, polarised
Raman spectroscopy was focused upon and reviewed in
detail in this paper. This method employs the inelastic
scattering nature of polarised light as a result of the inter-
action with the induced dipole moment of the molecule.
This spectroscopic approach has a number of advantages;
first of all it is a non-destructive method and has no restric-
tion on the sample shape. The orientation information can
be obtained from amorphous phases as well as crystalline
phases. Furthermore, the localised orientation on a scale
of a few microns could be determined by combining with
microscopic techniques.

The second and fourth orders of the orientation distri-
bution coefficients can be determined by using polarised
Raman spectroscopy. As shown in the example, this en-
ables the technique to determine the molecular orientation
distribution function, N(φ, θ , ψ), more precisely than with
the other techniques. In addition, the function can be fur-
ther improved by introducing the most probable distribu-
tion function, Nmp(φ, θ , ψ). For the majority of physical
properties, their anisotropy can be related to the P2mn val-
ues, while some mechanical properties such as Young’s
modulus are also related to the P4mn values. The achieve-
ment of the higher order parameters is another strength of
the polarised Raman spectroscopic technique for the pre-
cise understanding of the correlation between microstruc-
ture and the macroscopic characteristics of the material.

In spite of the usefulness of the method, its practical
applications have been limited to a few specific materials
such as polyethylene and PET, for which the molecular
structures are relatively simple and which polarisability
tensors were already known. On the other hand, the po-
tential of the technique is still wide open for the other
conventional polymers and need to be investigated, in
conjunction with the alternative analytical techniques.

Such studies could range from commodity plastics
to biodegradable polymers or even high performance
polymer fibres. It should be possible for microscopic ob-
servation to characterise the local molecular orientation in
materials moulded into complex shapes. Finally, the effect
of molecular orientation on the physical properties can
be explained precisely by polarised Raman spectroscopy
owing to its capability of obtaining both P2mn and P4mn

values.
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Appendix: Information entropy theory for the
determination of the most probable molecular
orientation distribution function
The original concept of the information theory was es-
tablished by Shannon and c-workers [151, 152] in order
to code messages with efficiency for the development of
communication technology [153]. The concept was based
on the frequency of alphabetical symbols used in the mes-
sages, “The more improbable the symbol, the greater the
information”. If the probability of a symbol (i) is given by
pi, the self information which the symbol i is defined as,

log
1

pi
or − log pi

where the sum of the probabilities of all the symbols (of
number M) should be unity, i.e,

M∑

i=1

pi = 1

When a very large number of symbols NS is used in a
message, the number of symbols i in the message will be
NSpi, and thus their information is given by

−NS pi log pi

and the average information per symbol, H, is given by,

H = 1

NS

M∑

i=1

(−NS pi log pi )

= −
M∑

i=1

pi log pi (89)

which is the so-called Shannon’s information uncertainty.
Shannon’s theory was applied by Jaynes [154] to Gibb’s

canonical distribution theorem. According to the theory,
the optimum energy of the system is to be chosen to max-
imise their information uncertainty [153], i.e. to maximise
their entropy [155], if only partial information of the sys-
tem is known. In other words, under constraints of partly-
known information, the rest of unknown parts should be
chosen for the H value in Equation 89 to be a minimum.

The information entropy theory of Jayne was employed
further by Berne et al. [42], Pottel et al. [43] and Labarthet
[44] in order to obtain the orientation distribution function
N(θ) from the system giving a limited number of the coef-
ficients Plmn. The information entropy of the distribution
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function S[N (φ, θ, ψ)] is given [42–44 ] by,

S[N (φ, θ, ψ)]

= −
∫ π

0

∫ 2π

0

∫ 2π

0
N (φ, θ, ψ) ln N (φ, θ, ψ)dψdφdθ

(72)

under the following constraints,

N (φ, θ, ψ) ≥ 0 (73)

and
∫ π

0

∫ 2π

0

∫ 2π

0
N (φ, θ, ψ) sin θdψdφdθ = 1 (74)
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